In this paper, we study the integral curvatures of Finsler manifolds and prove several Myers type theorems.
Introduction
The Myers theorem is one of the earliest and most fundamental theorems relating geometry to topology and moreover, it also has a close connection with general relativity (cf. [6, 11] ). In Finsler geometry, the Myers theorem states that if a forward complete Finsler n-manifold with Ric ≥ (n − 1)K > 0, then M is compact with diam(M ) ≤ π/ √ K (cf. [5, 22] ). There have been several subsequent generalizations of this result, among which Ohta [16] proved diam(M ) ≤ π (N − 1)/K if Ric N ≥ K > 0, while Yin [28] obtained similar compactness results under Ric ∞ ≥ (n − 1)K > 0 and additional assumptions on non-Romanian quantities. These results rely on uniformly positive (lower) curvature bounds.
Note that a Riemannian manifold is a special Finsler manifold. And the works of Ambrose, Calabi, Avez, Markvorsen, Galloway, Cheeger-Gromov-Taylor, Itokawa, Wu, Rosenberg-Yang, Sprouse and Petersen-Sprouse imply that a Riemannian manifold could be compact if the Ricci curvature is negative in some small places (see [3, 7, 4, 15, 12, 9, 14, 27, 20, 21, 17] ). Thus, it is natural to ask whether this is still true in Finsler geometry.
As far as we know, the first attempt is made by Wu [25] , in which one assumes positivity for the integral of the Ricci curvature along all geodesics. Inspired by [17, 18, 19, 21] , we introduce a weaker integral bound for the Ricci curvature and also give an affirmative answer in this paper.
More precisely, let (M, F ) be a forward complete Finsler manifold endowed with either the Busemann-Hausdorff measure or the Holmes-Thompson measure dm. Let Λ F denote the uniformity constant (cf. [10] ). Given q ≥ 1, K > 0 and R > 0, set
where (·) + := max{·, 0} and Ric(x) := min y∈TxM \{0} Ric(y)/F 2 (y). Obviously, K dm (q, K, R) is a kind of L q -Ricci curvature norm. In particular, K dm (q, K, R) = 0 if and only if Ric ≥ (n − 1)K. And K dm (q, K, R) is exactly the integral curvature introduced in [18, 19] if F is Riemannian. Now we obtain the following Myers type theorem by assuming that K dm (q, K, R) is small (instead of the positivity of the Ricci curvature).
Theorem 1.1. Given any n > 1, q ≥ 1, k ∈ R, K > 0, R > 0 and δ ≥ 1, for each ρ > 0, there exists an ε = ε(n, q, k, K, δ, R, ρ) > 0 such that every forward complete Finsler n-manifold (M, F, dm) with
Ric ≥ −(n − 1)k 2 , Λ F ≤ δ 2 , K dm (q, K, R) < ε must satisfy
In particular, the universal covering M is compact and hence, π 1 (M ) is finite. Moreover, if additionally suppose that F is Berwaldian and q > n/2, then we still have
Preliminaries
In this section, we recall some definitions and properties about Finsler manifolds. See [5, 22] for more details.
2.1. Finsler manifolds. A Finsler n-manifold (M, F ) is an n-dimensional differential manifold M equipped with a Finsler metric F which is a nonnegative function on T M satisfying the following two conditions:
(1) F is positively homogeneous, i.e., F (λy) = λF (y), for any λ > 0 and y ∈ T M ;
(2) F is smooth on T M \{0} and the Hessian 1
. Let π : P M → M and π * T M be the projective sphere bundle and the pullback bundle, respectively. Then a Finsler metric F induces a natural Riemannian metric g = g ij (x, [y]) dx i ⊗ dx j , which is the so-called fundamental tensor, on π * T M , where
Egloff [10] introduced the the uniformity constant Λ F to describe the inner products induced by g y . More precisely, set
The average Riemannian metricĝ induced by F is defined bŷ
where ν(S x M ) = SxM dν x (y), and dν x is the Riemannian volume form of S x M induced by F . It is noticeable that
, with equality if and only if F is Riemannian.
2.2.
Curvatures. Let (x, y) = (x i , y i ) be local homogenous coordinates for P M . Define
The Chern connection ∇ is defined on the pulled-back bundle π * T M and its forms are characterized by the following structure equations:
(1) Torsion freeness: dx j ∧ ω i j = 0;
. From above, it's easy to obtain ω i j = Γ i jk dx k , and Γ i jk = Γ i kj . In particular, F is called a Berwald metric if ∂Γ i kj /∂y s = 0. The curvature form of the Chern connection is defined as
Given a non-zero vector
where e 1 , . . . , e n is a g y -orthonormal base on (x, y) ∈ T M \0. We also use the notation Ric(x) := min y∈SxM Ric(y). A smooth curve γ(t) is called a (constant speed) geodesic if it satisfies γ i + Γ i jk (γ)γ jγk = 0. In the paper, we always to use γ y (t) to denote the geodesic withγ y (0) = y. Note that the reverse of a geodesic is usually not a geodesic unless F is reversible.
Given y ∈ S p M , the cut value i y of y is defined by i y := sup{r : γ y (t), 0 ≤ t ≤ r is globally minimizing}.
The injectivity radius at p is defined as i p := inf y∈SpM i y , whereas the cut locus of p is
It should be remarked that Cut p is closed and null Lebesgue measure.
2.4.
Measures. There is only one reasonable notion of the measure for Riemannian manifolds. However, the measures on a Finsler manifold can be defined in various ways, since the determinant of the fundamental tensor depends on the direction of y. There are two measures used frequently in Finsler geometry, which are the socalled Busemann-Hausdorff measure dm BH and Holmes-Thompson measure dm HT . They are defined by 
And the S-curvature S is defined by
It is easy to see both the distortion and the S-curvature vanish in the Riemannian case. According to [22, 31] , the S-curvatures of dm BH and dm HT always vanish when F is Berwaldian. The following result is useful in this paper (cf. [29, Lemma 2.1]).
where τ is the distortion of either the Busemann-Hausdorff measure or the Holmes-Thompson measure.
In the following, v(n, k, r) is used to denote the volume of r-ball in the space
Proof of Theorem 1.1
In the sequel, we use dm to denote either the Busemann-Hausdorff measure or the Holmes-Thompson measure.
In order to prove Theorem 1.1, we need to generalize the so-called segment inequality [8, Theorem 2.1] to the Finsler setting.
Let A i , i = 1, 2 be two bounded open subsets and let W be an open subset such that for each two points
where dm × is the product measure induced by dm, D := sup x1∈A1, x2∈A2 d(x 1 , x 2 ) and
Clearly, the length of I(x 1 , y) is not larger than diam(A 2 ). Set T (y) := sup{t : t ∈ I(x 1 , y)}.
Let (r, y) denote the polar coordinate system at x 1 . Since Ric ≥ (n − 1)k, the volume comparison theorem (cf. [30, Theorem 3.4] ) yields
Hence, we have
Step 2. In this step, we estimate
be the reverse metric (cf. [5, 16] ). In the following, we use ← − * to denote the geometric quantity * in (M,
Hence,
On the other hand, it is easy to check that
Now we conclude the proof by (3.1)-(3.3).
Remark 1. By the comparison theorem in [16] , one can see that the theorem above remains valid under a simpler assumption
Let (M, F, dm) be an n-dimensional forward complete Finsler manifold. Given q ≥ 1, K > 0 and R > 0, set
In [21] , Sprouse proved some compactness theorems by L 1 -Ricci curvature bounds in the Riemannnian case. Inspired by his work, we show the following result by the L q -norm (∀q ≥ 1).
, there exists ε = ε(n, q, k, K, δ, R, ρ) > 0 such that every forward complete Finsler n-manifold (M, F, dm) with
Proof.
Step 1. Fix a point p ∈ M and set W = B + p (R). Choose any point p ∈ W with
where r = ρ 2(1+δ) is a fixed number. Set A 1 := B + p (r) and A 2 := B + p (r). By the triangle inequality, one can easily show that A 1 , A 2 , W satisfy the conditions in Theorem 3.1. Thus, Theorem 3.1 yields
The volume comparison theorem (cf. [30, Remark 3.5]) together with Proposition 2.1 yields
.
Since m(B + p ((1 + δ)R)) ≥ m(W ), (3.5) together with the above inequalities implies
≤C(n, k, δ, R, ρ) · K dm (q, K, R) < C(n, k, δ, R, ρ) · ε, (3.6) where ε will be chosen in the sequel.
Step 2. Set L := √ K d(x 1 ,x 2 ). Let T :=γx 1x2 and {E 1 (t), . . . , E n−1 (t), T } be a g T -orthonormal parallel frame field along γx 1x2 . Set
Let C α (t, s) be the fixed-endpoint variation of curves corresponding to Y α (i.e., Y α (t) = (∂ s C α )(t, 0)) and L α (s) be the length of C α (·, s). Then we have
Now using the Hölder inequality and (3.6), one gets
where C(q, n, k, K, δ, R, ρ) := C(n, k, δ, R, ρ)
Step 3. Now we claim L ≤ π+ ρ 2 √ K, if ε is small enough. Suppose by contradiction that L > π + ρ 2 √ K for any ε > 0. We consider some ε > 0 with
It follows from (3.7) and (3.8) that
which is a contradiction, since γ is a minimal geodesic. Hence, the claim is true and then the triangle inequality implies that
Recall that p is an arbitrary point satisfying (3.4) and hence,
However, it is easy to check that
In particular, M is compact.
Step 4. Now we estimate diam(M ). Since M is compact, we can suppose that there exist two points p, p ∈ M such that
Otherwise, we are done. Fix a number r with
Since D < (1 + δ)R 0 , the same argument as above (see (3.6) ) yields that there exist
Set L := √ K d(x 1 ,x 2 ). Using the same arguments in Step 2-3, one can show that if
Now we conclude the proof by choosing ε := min{ 1 , 2 }.
We now recall the definition and properties of fundamental domain. See [13] for more details. 
wherep is an arbitrary point in f −1 (p). Thus, Ω p is a fundamental domain.
On the other hand, if dm is either the Busemann-Hausdorff measure or the Holmes-Thompson measure, then the pull-back measure f * dm is exactly the same kind of measure on ( M , f * F ). By abuse of notation, dm also denotes the pull-back measure.
Theorem 3.3. Given any n > 1, q ≥ 1, k ∈ R, K > 0, R > 0 and δ ≥ 1, for each ρ > 0, there exists ε = ε(n, q, k, K, δ, R, ρ) > 0 such that every forward complete Finsler n-manifold (M, F ) with
In particular, the universal covering M is compact and hence, π 1 (M ) is finite.
Step 1. We first estimate the diameter of M . If R > π/ √ K, then the theorem follows from Lemma 3.2 directly. Hence, we only need to consider the case when R ≤ π/ √ K. Fix R > π/ √ K arbitrarily and choose any point
That is, (3.10) K dm (q, K, R) ≤ C(n, k, δ, R) · K dm (q, K, R).
Choose ε = ε(n, q, k, K, δ, R, ρ) as defined in Lemma 3.2 and set K dm (q, K, R) < ε C(n, k, δ, R) .
Then the estimate of the diameter follows from (3.10) and Lemma 3.2.
Step 2. Now we show that M is compact. In the sequel, we use * to denote the geometric quantity * in ( M , f * F ). Suppose that R > π/ √ K. It follows from Lemma 3.2 that diam(M ) < (1 + δ)R. We show that K dm (q, K, R) is controlled by
In fact, given any pointx ∈ M , let N denote the minimal number of the fundamental domains γ(Ω) covering B + x (R), i.e., (3.11) B
It follows from (3.11) and (3.12) that
which implies that (3.13) K dm (q, K, R) ≤ C (n, k, δ, R) · K dm (q, K, R).
Let ε = ε(n, q, k, K, δ, R, ρ) defined in Lemma 3.2 and let K dm (q, K, R) < ε C (n, k, δ, R) . Now (3.13) together with Ric ≥ −(n − 1)k 2 , Λ F ≤ δ 2 and Lemma 3.2 yields that M is compact. For R ≤ π/ √ K, one can use the same argument as in Step 1 to show that M is compact. Therefore, π 1 (M ) is finite.
For a Berwald manifold, we obtain the following result by means of Petersen-Sprouse [17] .
Theorem 3.4. Given any n > 1, q > n/2, K > 0, R > 0 and δ ≥ 1, for each ρ > 0, there exists ε = ε(n, q, K, δ, R, ρ) such that if a (forward) complete Berwald n-manifold (M, F ) satisfies
Proof. Letĝ be the average Riemannian metric of g and letB x (r) denote the geodesic ball centered at x with radius r in (M,ĝ). For each p ∈B x (r) − {x}, there exists a minimal normal geodesic γ(t) (with respect to (M, F )) from x to p. In a local coordinate system (x i ), set
where d vol is the Riemannian measure ofĝ and
detĝ(γ(t)) .
In the following, we estimate h. Since the Levi-Civita connection ofĝ is exactly the Chern connection of g, one can choose a gγ-orthnormal parallel frame field {E i } such that each E i | p is the eigenvector ofĝ| p . Note that h(γ(t)) is independent of the choice of coordinates. Denote by det g and detĝ be the determinants of g and g w.r.t. {E i }, respectively. It is easy to see that
Then h(γ(t)) = e −τ (γ(t)) det g(γ(t),γ(t)) detĝ(γ(t)) , which together with Proposition 2.1 implies
and hence,
Note that K dm (q, 0, R) ≤ K dm (q, K, R). Thus, it follows from Theorem 4.1 that there exists ε 1 = ε 1 (n, q, 0, δ, R, δ −4n /2) such that if K dm (q, K, R) < ε 1 , then for any x ∈ M ,
Given p ∈ M , let {B + xi (R/(1 + δ))} i∈I denote the maximal family of disjoint forward balls inB p (δR). Thus, {B + xi (R)} i∈I is a covering ofB p (δR). Let J (p) denote the minimal eigenvalue of the Ricci tensor ofĝ at p ∈ M . Since (M, F ) is Berwaldian, one gets δ −2 (n − 1)Kδ −2 − J + ≤ ((n − 1)K − Ric) + . Thus, it follows from (3.14)-(3.16) that
That is,
where K d vol (·, ·, ·) is the integral curvature of (M,ĝ, d vol). According to [17, Theorem 1.1], there exists ε 2 = ε 2 (n, p, K, δ, R, ρ) such that if
Due to (3.17) , we conclude the proof by choosing
The proof of Theorem 1.1. Theorem 1.1 follows from Theorem 3.3 and Theorem 3.4 directly.
Appendix
In this section, we will establish a relative volume comparison by the integral curvature. Now we recall the polar coordinate system of a Finsler manifold first. Inspired by [18] , we have following theorem.
Theorem 4.1. Given δ ≥ 1, q > n/2 and k ≤ 0, for α ∈ (0, δ −4n ), there exists an ε = ε(n, q, k, δ, R, α) > 0 such that any forward complete Finsler n-manifold
, for all x ∈ M and 0 < r 1 ≤ r 2 ≤ R. Moreover, if additionally suppose that F is Berwaldian, then the above result still holds without the assumption Λ F ≤ δ 2 , in which case α ∈ (0, 1).
Proof.
Step 1. Define two functions on [0, +∞) × S p M as follows:
Thus, given y ∈ S p M , for almost every r > 0, we have · v(n, k, r) − 1 2q , (A.6)
Step 3. Now set
Thus, (A.9) together with (A.2) furnishes h ≤ h 1− 1 2q · f (r). Hence, for any 0 < r 1 ≤ r 2 ≤ R,
Since C 3 (n, q, k, r) and k p (q, k, r) are nondecreasing in r, one has
which together with Proposition 2.1 yields
Step 4. It is not hard to see that (A.10) implies v(n, k, r 1 ) v(n, k, r 2 ) − C 4 (n, q, k, R) · δ n/q · K p,dm (k, q, R) .
On the other hand, by (A.12), (A.13) and Proposition 2.1, we can choose ε 2 = ε 2 (n, q, k, δ, R, α) > 0 such that if K dm (k, q, R) < ε 2 , (A.14) c ≤ C 5 (n, q, k, R) · δ 2n/q · ε 1 2q
where C 5 (n, q, k, R) := 2 C 4 (n, q, k, R) · v(n, k, R) 1/(2q) . Choosing ε := min{ε 1 , ε 2 }, we obtain (A.4) by (A.11) and (A.14) directly.
Step 5. Now additionally suppose that F is Berwaldian. It follows from [22] that the S-curvature of dm always vanishes, which implies that the distortion τ (γ y (r)) only depends on y. In particular, we have H = ∂ ∂r log σ p (r, y)e τ (γy(r)) = ∂ ∂r logσ p (r, y). The same argument yields the result.
Remark 2. Theorem 4.1 can be extended to any measure if the assumption Λ F ≤ δ 2 is replaced by a ≤ τ ≤ b.
We note that one can obtain some precompactness theorems and finiteness theorems in the Finsler setting by Theorem 4.1. We leave these statements to the interested reader.
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